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The present study details the inclusion of radiative heat-transfer phenomena in the numerical simulation of
reactive hypersonic and atmospheric re-entry flows. Truly two-dimensional algorithms are developed for the
radiative source term in the governing equations, whereby the determination of the specific intensity field is
obtained by means of a numerical integration over directions of propagation of radiation. The one-dimensional
slab approximation is lifted, and the analysis presented allows the determination of the radiative characteristics
of the entire flowfield, rather than being limited to the stagnation streamline, thereby providing an accurate
assessment of two-dimensional relieving effects in the stagnation region. A few preliminary results are presented
for the Mach 47 flow over a cylinder, including a comparison of the two-dimensional algorithm with the one-
dimensional approximation and an emission-dominated case. The effects of improving the modeling of radiative

heat transfer are demonstrated.

I. . Introduction

N recent years, renewed interest in the field of hypersonic aero-

dynamics has been registered among the scientific community.
The Space Shuttle and the European Hermes are fully operational
and in an advanced design stage, respectively. Other aircraft, such as
the National Aerospace Plane (NASP) and the European Hypersonic
Transport Vehicle, are becoming national priorities and subjects for
commercial competition. The Aeroassisted Orbital Transfer Vehi-
cle (AOTV) is being conceived as an essential tool for possible ex-
ploratory missions on Mars and for efficient satellite management
in high-centered orbits.!

In this context, it is widely recognized that radiative heat transfer
plays a major role in the thermal loads associated with high-speed
flight.2 Anderson? shows that at the stagnation point of a blunt body
the importance of convective heat transfer becomes negligible when
compared with radiative loads. For vehicles like the Galileo Probe,
designed for Jovian exploration, the heating will be virtually all ra-
diative because convective heating is hindered by massive ablation.*
Consequently, there is a practical need for reliable simulations of
radiative heat transfer, which would complement the existing capa-
bilities for the prediction of dissociation and ionization phenomena.>

The mathematical and physical features of fluid flow in the pres-
ence of radiative heat transfer were already well established in the
1960s.> The integrodifferential equations that govern relativistic
flows, and their simplified version valid for “usual” gasdynamic
applications, where the light speed can be considered to be infinite,
are presented by Simon.” Radiative pressure and radiative energy
density are usually insignificant for nonrelativistic applications, and
are neglected by most investigators.®

Approximate solutions, both analytical and numerical, have been
attempted for flow problems involving some form of radiative heat
transfer. Zhigulev, Romishevskii, and Vertushkin® present analyti-
cal results for the supersonic flow over a wedge, using a linearized
form of the governing equations and neglecting radiative absorp-
tion (optically thin gas). The effect of thermal radiation on the
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internal structure of a shock wave was established by Heaslet and
Baldwin,’ who demonstrated the possibility of discontinnous tem-
perature and velocity profiles even in the presence of strong radia-
tive effects. Their analysis was based on inviscid, one-dimensional
flows in chemical equilibrium, and the exponential approximation
was used to transform the integrodifferential problem to a purely
differential form. Also, the gray-gas hypothesis was employed, that
the absorption coefficient is independent of the radiation frequency.
Pearson!® removed the exponential approximation and obtained so-
lutions for some of the cases considered by Heaslet and Baldwin.
However, his numerical technique failed to converge in a few more

" challenging cases. Other approximate solutions for the unsteady,
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one-dimensional shock waves have been obtained by Olfe,*! in con-
nection with a linearized approach, and by Wang,'? in connection
with a self-similar treatment.

A survey of the important effects that influence the analysis of
radiating flows is given by Anderson,> who shows by comparison
that treating a gas as transparent or gray and using an uncoupled ap-
proach can significantly affect the solutions obtained. Other factors
to be considered are: the need for including atomic line as well as
continuum spectra in the radiative models, the possibility of strong
ablative effects,!® the importance of nonequilibrium chemistry and
thermodynamics, and the necessity of three-dimensional investiga-
tions away from the stagnation region. The influence of viscosity
on the radiative flowfield is examined by Traugott.!*

The radiative properties of air and the relevant bound-bound and
bound-free transitions were investigated in the 1960s,? and attempts
to consider the coupling of finite-rate chemistry effects (photoion-
ization) with nonequilibrium radiation for helium and argon were
successful'® for one-dimensional problems, using simplifications
in the radiative transport equation. More recently, nonequilibrium
radiative properties of air, including the effects of negative ions,'
have been studied.!’

The state of the art in the area is summarized in a recent book
by Anderson.!® A one-dimensional space approximation, known
as the 1D slab geometry, is used for numerical computations. The
analysis ignores two- and three-dimensional relieving effects and
is valid only in a restricted region close to the stagnation point.
To this effect, it might be useful to point out that already in 1965,
a study by Traugott!* identified the one-dimensional approxima-
tion as a potential liability for aerodynamic applications of radia-
tive heat transfer simulations. More recently, Hartung and Hassan'®
compared the 1D slab model with a modified differential approach,
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and showed that the former is inaccurate if used away from the
stagnation point. Moreover, the practical design of vehicles such as
the Jovian probe*'3 has been performed using reduced versions of
the governing equations, known as the viscous-shock-layer equa-
tions, and assuming equilibrium chemistry for conditions where
finite-rate chemistry is likely to play a fundamental role.?°

In the hypersonic flow regime, radiative heat transfer will oc-
cur for conditions in which the medium is chemically active
and possibly out of thermodynamic equilibrium.!” The numerical
simulation of flows in thermochemical nonequilibrinm has been
investigated by several scientists, and results for two- and three-
dimensional geometries have been obtained either neglecting ra-
diative heat-transfer effects>21"?? or post-processing the converged
flowfield solution to obtain the radiative field, utilizing the 1D slab
approximation> in what amounts to a fully uncoupled approach.
It is important to reiterate that the uncoupled approach has been
found to significantly overestimate the radiative and conductive heat
fluxes.’

This study describes a practical technique for performing truly
two-dimensional numerical solutions to the radiative heat-transfer
equations, fully coupled with an existing thermochemical nonequi-
librium flow solver.’ The focus of the present effort is directed
towards the derivation and assessment of the two-dimensional al-
gorithm. In particular, the differences between the predictions ob-
tained with the proposed technique and those available by using
the one-dimensional and the optically-thin-gas assumptions will be
considered in order to determine the usefulness of the fully two-
dimensional approach. Furthermore, the computational require-
ments for fully coupled, two-dimensional radiative heat-transfer
calculations will be determined and compared with those for the
simplified approaches.

Because of the complexity and computational requirements of
the present task, some simplifications have been deemed neces-
sary in both thermochemical and radiative models utilized for
these preliminary results. In particular, thermodynamic equilib-
rium has been assumed throughout the development of the pro-
posed techniques, and a simple five-species air model,” which does
not al low for ionization, has been utilized for the viscous com-
putations, However, some inviscid results are presented that uti-
lize an eleven-species air model, which includes positive ions and
electrons.?* Moreover, a gray-gas model has been utilized for the
evaluation of radiative heat transfer, and this could be a severe
hindrance to the accuracy of re-entry flow predictions.> How-
ever, the internal consistency of the comparisons has been main-
tained, because all of the results have been obtained using the same
thermochemical models and absorptivity coefficients; therefore a
qualitative assessment of the importance of truly two-dimensional
radiative heat-transfer models can be made. It may be useful to
point out that the technique proposed is by no means limited to
gray gases; virtually any existing radiative model could be used
to obtain more reliable quantitative predictions of radiative heat
transfer.

The present approach can be extended to axisymmetric and fully
three-dimensional geometries.” The computational requirements
increase, but not dramatically. More details are given by Elbert.2¢

In the following, the mathematical and physical foundations for
the study of flows in chemical nonequilibrium will be briefly out-
lined, including radiative heat-transfer effects. A discussion of the
numerical techniques employed for the discretization of the flow
equations and the determination of the source term due to the pres-
ence of a radiation field will follow. A few preliminary results will
be presented in order to assess the main features of the present al-
gorithm in comparison with simplified approaches, as well as its
computational requirements.

II. Thermodynamic Model

At high temperatures, imperfect-gas effects are due to chemical
changes in the amount of mass of each species and to the activation
of internal energy modes that behave nonlinearly with temperature.
As long as the pressure is sufficiently low, away from the gas triple
point, each species of the gas mixture will behave as a thermally
perfect gas. In the following, a gas mixture composed of N species

will be considered. The internal energy per unit mass of species i
can be defined as

T
e = / ci(@dr+hy )
T,

ef

where e; has been expressed in terms of the specific heat at constant
volume, ¢,;. In the above, T is the temperature, and h ; is the heat
of formation at the reference temperature Ti.s.

The thermal equation of state for a mixture of thermally perfect
gases will be given by Dalton’s law, whereby the mixture pressure
is the summation of partial pressures:

N
p=) oRT=pRT @

i=1

where mass density p and gas constant R for the mixture are eval-
uated by means of the species values p; and R;, respectively, as
follows:

N - N )
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The state relationship of the pressure to the specific internal en-
ergy occurs implicitly through the temperature. For a given chemical
composition and internal energy, the temperature must be evaluated
from the caloric equation of state

T

N
Pi
E:;;[/;}Efcvi(T)dT+hfi:| (4)

where ¢ is the mixture internal energy, expressed in terms of the
species contributions. Iterative procedures are used to solve for 7.
Once the temperature is found, the pressure is determined from (2).

III. Governing Equations

The governing integrodifferential equations for a reacting gas
in radiative nonequilibrium, with the inclusion of relativistic ef-
fects, have been derived by Simon.” However, most hypersonic
problems will be such that relativistic effects can be neglected,®
which amounts to considering the speed of light to be infinite. In
those cases, radiative pressure and radiant energy density will be
negligible, and the only contribution from radiative nonequilibrium
to the gasdynamic equations will be the inclusion of the divergence
of the radiant heat flux vector. This additional term can be written
as an integral involving the specific intensity of radiation I,, and
treated as a source term for the global energy equation.

Within this nonrelativistic framework, the governing equations
for a two-dimensional flow with nonequilibrium chemistry may be
written in vector conservation form, using generalized coordinates,

as follows:
d{0 oF 8G-G,) W
= Dt Sl A 5
Bt(1)+3$+ o J ®

where Q is the vector of conserved variables, F s G are the invis-
cid flux vectors, G, is the viscous flux vector, and W is the vector
of source terms. Equation (5) represents N -+ 3 conservation equa-
tions, with the first N corresponding to species continuity, followed
by the momentum and the total energy conservation equations. In
the above, J is the Jacobian of the coordinate transformation be-
tween the orthogonal Cartesian frame (x, y) and the generalized
curvilinear frame (&, n).
The vectors Q and W are given by

[~ = [~ h

Pi w
P2 w2
Q= PN |7 W= Wy ©
pu 0
PV 0
L oo | L=V q~ |
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where body forces have been neglected. In the above, u is the mass-
averaged velocity vector (whose Cartesian components are , v),
and ¢ is the total energy per unit mass, ep = e + (u? + v2)/2.
The source terms for the species continuity equations, w;, represent
chemical production for the ith species.’

The component V - ¢¥ is the divergence of the radiant heat flux
vector, and for two-dimensional problems it is given by

00 2n
0 0

where v is the frequency, d¢ is a differential angle lying in the plane
under consideration, and I, is the specific intensity of radiation, or
the radiant energy flux, per unit angle per unit frequency, across a
surface normal to the direction of propagation of the radiation, I.
The angle ¢ and the unit vector I are related by the fact that [ is
centered at the infinitesimal angle d¢:

Iy =+4/1—cos?¢ =sing ®)

Consequently, in the following the angle ¢ and the direction cosines
I, I, will be used interchangeably. At a given instant in time and
position, 1, is a function of the direction cosines /,, /, and of the
frequency v, so that I, = I,(¢, &, n, 1, 1,, v). Consequently, the
integration in Eq. (7) is carried over all frequencies and all angles
(or directions of propagation).

Expressions for the inviscid flux vectors F, G and the viscous
flux vector G,, and details on the modeling of viscosity, thermal
conductivity, and diffusion phenomena, are given by Walters et al.>

The mathematical closure to the system of integrodifferential
equations (5) is provided by the density definition (3); the equation
of state, defined implicitly through (2) and (4), giving the pressure in
terms of conserved variables; and the equation of radiative transfer,
to be discussed in the next section, providing a differential equation
for the space variation of the specific intensity in terms of the gas
properties.

I, =cos ¢,

IV. Radiative Heat Transfer
A. Equation of Radiative Transfer
The equation of radiative transfer is a continuity equation for
the number of photons in the differential solid angle dQ2 and for the
differential frequency range dv. It involves chemical-reaction-type
terms, which take into account emission and absorption of radi-
ation, and it should include elastic-collision-type terms to model
scattering. However, scattering is usually neglected in gasdynamic
applications.® This equation describes the variation of specific in-
tensity along a direction of propagation /, and reads

1-VI, = a,[B,(T) - 1,] ©)

where «, is the volumetric absorption coefficient, and B, (T') is the
equilibrium value of the specific intensity, given by

2hv3)/c?

B,(T) = eMvIkT _

(10)

In the above, c is the speed of light, & is the Planck constant, and &
is the Boltzmann constant. Furthermore, a simplified model for the
radiative interaction was utilized, which is known as the quasiequi-
librium hypothesis.® In brief, quasiequilibrium implies that the pop-
ulations of the excited atomic states are given by their equilibrium
values, controlled by collisional processes, and are not perturbed
by the presence of emission and absorption. The collisional pro-
cesses are also considered to be in quasiequilibrium according to a
Boltzmann distribution. In general, it is a nontrivial task to obtain
fully nonequilibrium models of radiative heat transfer for gas mix-
tures of practical interest, although some effort has been registered
in the scientific community.!5~"7 ‘

The solution to the equation of radiative transfer (9) will give
the specific intensity at a given angle (direction of propagation) for

a given frequency. For direction /, this equation can be written as
follows:

dl, .
— = —a,(B, — 1) (1
dr

where the directional derivative d(x)/dr = —I - V(%) has been

defined in the direction opposite to the direction of propagation of
radiation. The final solution for the specific intensity reads

Iv(r)=IV(w)exp(—/wav dz)
+/wa,,B.,exp(——/ avdz) dw 12)

where w and z are dummy variables of integration, and the boundary
condition I, = 1,(00) at r = ry, has been imposed. The physical
meaning of the previous equation is that the specific intensity at a
point r is given by the boundary value, attenuated by absorption,
plus the contribution from emission of all the particles lying along
the direction of propagation, again attenuated by absorption.
Substituting the equation of radiative transfer (9) into the expres-
sion (7) for the divergence of the radiant heat flux vector yields

[e] 2r
v-q"=/ av<4nBv—2f lvdqs)dv (13)
0 0

The complete determination of the radiative source term in the gov-
erning equations (5) is obtained, for this approximate quasiequi-
librium case, when the integrals in (12) are evaluated at the given
point in space and time to yield a value of the specific intensity for
a-given direction of propagation. The procedure is then repeated for
all directions and for all radiative frequencies in order to determine
the value of the divergence of the radiative heat flux vector, Eq. (13).

B. Radiative Source Term

As previously stated, the presence of a radiation field manifests
itself in the governing fluid-dynamic equations (5) as a source term,
of the kind described in Eq. (13) if the quasiequilibrium hypoth-
esis is utilized. The peculiar character of this source term is that
it is not local, but its determination requires the knowledge of the
thermophysical and radiative properties of the flowfield in a global
fashion. More specifically, for every point in space, described by
the coordinates (&, 1), and at a given time ¢, it is possible to define a
local cylindrical coordinate system (r, ¢) centered at the point un-
der consideration. Then the specific intensity at the point is given
by Eq. (12) with r = 0. It might be useful to repeat that the specific
intensity is a function of time, position, direction of propagation,
and frequency: I, = I,(¢,§, n, ¢, v). The expression (12) is valid
for a given direction of propagation, described by the angle ¢, and
for a given frequency, and its form shows that the result depends
upon the- thermophysical and radiative properties of all the points
along the direction of propagation, that is, all the points along a
ray that originates at the boundary r, and reaches the point under
consideration at r = 0. Typical boundary points will be the far-field
and solid boundaries.

Substitution of the expression (12) or the specific intensity into
the divergence (13) of the radiant heat flux vector yields

=5} 2n
V.q® =4oapT? —2/ a[f I, (co0)
0 0
Too oo 2 oo
xexp(—/ o, dz) d¢:|dv — 2/ av[/ f o, B,
0 0 o Jo
w
X exp(——/ o, dz) dw d¢:‘dv (14)
o .

where the Planck mean absorption coefficient o has been intro-
duced:

(o]
fo o, B, dv T o
Qp = g = ——

@, B, dv as
o Bodv 0T
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and o is the Stefan-Boltzmann constant. It is apparent from this form
of the radiative source term that its value at any point in the flowfield
at a given time will depend upon the properties of all the points that
are in its “line of sight,” that is, all the points lying in the portion of
the flowfield that is swept by straight lines (rays) emanating from the
point under consideration and terminating either at solid boundaries
or in the far field.

The expression for the divergence of the radiant heat flux vec-
tor, Eq. (14), is complicated and difficult to evaluate numerically.
In order to simplify its treatment, the 1D slab approximation has
been introduced and is almost universally adopted in practical
calculations.'® In summary, the approximation consists in neglecting
two-dimensional (and three-dimensional) effects in the vicinity of
the stagnation streamline, reducing the shock-layer region around
a blunt body to a slab whose physical properties vary in one di-
mension only.® Consequently, the integration over the direction of
propagation is considerably simplified, and the final expression for
the divergence of the radiant heat flux vector reads

V. qR = 4U(XPT4 — 271'] av[lv(—oo)EZ(_nioo)
0

+ 1,(+00) Ex( + 1) | dv

00 0
—27‘[/ au[[ avBuEl(_nv)dx
0 —00

~+00
+ / a,B,E1(n”) dx]dv (16)
0

where E; is the integroexponential function of order i, and 5" is the
optical thickness of the gas:

1 x
E.-(z)=f we™ dw, n”=/ a,dx.  (17)
0 0

In the above, the integration over the direction of propagation ¢
has been simplified and is taken into account by the presence of the
integroexponential function. The radius x originates at one boundary
point (—o0, e.g., the freestream) and ends at the other boundary point
(+00, e.g., the body), going through the slab and passing through
the location of the finite volume under consideration (point 0). The
direction x is the local normal direction to the body. In the derivation
of the 1D slab approximation, it is assumed that the flow properties
vary only in the direction perpendicular to the slab (i.e., from the
freestream to the body). It is apparent that this assumption will be
reasonable only in a small region close to the stagnation streamline,
because the changes in the flowfield in the direction tangential to
the body are far from being negligible in general.

In some cases, an even more drastic simplification is made to
the modeling of the radiative source term, namely, the emission-
dominated approximation.® This provides a simple expression for
the divergence of the radiant heat flux vector,

V.qf =4oapT? 18)

which is a local contribution only, and does not depend upon direc-
tions of propagations and/or lines of sight. A condition for a gas to
be emission-dominated is that its optical thickness n” must be small
for the entire frequency range, which is a reasonable assumption for
some practical problems, but not very accurate in general.’

C. Radiative Heat Flux Vector

In practical applications, it is necessary to know or at least esti-
mate the aerothermodynamic heating associated with a given hyper-
sonic flight condition. Consequently, the radiative heat flux vector
g¥ itself needs be determined, not just its divergence as in the pre-
vious section.

For a two-dimensional problem, the vector g¥ is defined as

o) 2n
gt = 2/ / 11, d¢ dv 19
0 0

Introducing a unit vector r = —I, oriented in the direction opposite
to the direction of propagation of radiation, and substituting Eq. (12)
into Eq. (19) yields

o] 2n oo
q" = -—2/ [/ Iv(oo)rexp(——/ dz) dd):ldv
0 0 0
o0 2n roo w
—2/ [/ / al,Burexp( - / o, dz) dw d¢]dv
0 0 0 0

(20)

It is important to point out that the determination of ¢® requires
evaluating the same kind of integrals that were encountered in the
definition of its divergence, as seen in Eq. (14).

When the 1D slab approximation is used, the only nonzero com-
ponent of the heat flux vector is the one in the main direction
of propagation of radiation, normal to the body. The final results
reads

gk =-2n / [1,(+00) Es( + n}o) — 1,(=00)
0
o +o00
X E3(=1"os) ] du—2n/ [/ @, B, Ex2(n*) dx
0 0

0
—f avaEz(-—r)")dx]dv (04))

o0

Again, only integrations along the main direction of propagation
and for the frequency spectrum are necessary.

Considering the emission-dominated case, and utilizing the quasi-
one-dimensional geometric framework, it can be verified that the ra-
diative heat flux vector in the main direction of propagation is given
by the limiting-case of Eq. (21) for the optical thickness " going
to zero (optically thin gas). Consequently, the integroexponential
functions reduce to

E3(0) = 3, E,(0)=1 (22
and the final result reads

qf = —7[/ [Iv(+00) - Iv(—OO)]dV
0

0 +00 0
——27r/ [/ a,,Bvdx—/ a,,B\,dx]dv
0 0 —o0

V. Numerical Formulation
A. Governing Equations -

The governing partial differential equations for hypersonic flows
out of chemical equilibrium that have been presented in Sec. III are
discretized using the finite-volume technique,?” whereby their inte-
gral form is solved for the unknown volume averages of conserved
variables in some small, but finite, control volume. The integral form

reads
//%dv+¢(5—sv)-nd8=/]WdV 24)
y Ot S v

where V is an arbitrary volume closed by a boundary S, and S, S,
are inviscid and viscous flux vectors, respectively, evaluated at the
boundary. Approximations are then used for the volume and surface
integrals to express them in terms of the unknown volume-averaged
values for each computational cell. The discretization of the invis-
cid fluxes is accomplished by means of flux-split techniques, and
a thorough derivation of the algorithms can be found in Gross-
man and Cinnella.?® Central differences are used for the viscous
fluxes.

(23)
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The discretized equations are advanced in time using either an
LU decomposition or an approximate factorization. More details
are given in Walters et al.”

B. Radiative Source Term and Flux Vector

The numerical evaluation of the radiative source terms (14) in-
volves integration over frequency, over angle, and over length along
a direction of propagation. This evaluation should be performed
at every time step when time accuracy is of interest. However, for
steady-state problems, the radiative source terms can be lagged for
a few time steps. It might be useful to point out that the “ultimate”
lagging, that is, the evaluation of the source terms at convergence
only, is tantamount to a fully decoupled approach, which is the strat-
egy employed by Candler and Park® in conjunction with the one-
dimensional approximation.

The integration over the frequency spectrum can be performed in
its simplest form by means of the gray-gas approximation.5 More re-
alistic approaches include the three-band and the eight-band model,?
whereby the mean absorption coefficient is considered constant over
a frequency band, and the integration reduces to a summation over
the bands. The present study has utilized the one-band (gray-gas)
model only for simplicity, although provisions for multiple-band
models were included.

The double integration over the geometric parameters (angle and
length) is accomplished by superimposing a “radiation grid” on the
discretized domain. In particular, for every finite volume in the cal-
culation it is necessary to define the rays that will be considered
for the integration over the angle, and the points along each ray for
the integration over the length, including the boundary points in the
far field or at some solid wall. Specifically, given a computational
cell and a direction of propagation, a ray is started from the celi
center and continued until a boundary is reached. After locating the
boundary point at the intersection of the ray with the grid bound-
ary, the points along the ray are distributed in accordance with the
technique chosen for the line integration. The process is continued
until all directions of propagation are exhausted, and is repeated for
all volumes in the computational domain.

The integration over the angle (direction of propagation) is per-
formed by partitioning the interval [0, 27] into equally distributed
subintervals. Because the two limits of integration physically co-
incide, this procedure is tantamount to using a composite trape-
zoidal rule (or a two-point open Newton-Cotes formula). Several
options have been implemented for the integration over the length,
including composite trapezoidal and Simpson rules, the use of
Richardson’s extrapolation, and the implementation of a composite
Gauss-Legendre formula.

In order to be able to follow a ray until a boundary is reached, it
becomes necessary to determine to which cell a given point on the
ray belongs. Moreover, once the distribution of points along a ray is
found, the numerical integration procedure requires the knowledge
of the value of the integrand at each point. The simplest way of evalu-
ating the integrand is to assume that the thermophysical and radiative
properties of a point under consideration are the same as those of the
cell that contains it. In both cases it is vital to determine the computa-
tional cell that contains a given point in physical space. A simple way
of doing this is illustrated in Fig. 1. Point 0 is the point under con-
sideration, and a trial cell has been selected, whose corners are num-
bered from 1 to 4 in a counterclockwise fashion. Defining R;; as the
vector from point i to point j, four cross products are calculated, as
follows:

Appk = Rot X Ry
Ak = Roz X Ry3
Agzsk = Ro3 X Ry
Aguk = Ros X Ry

25)

where k is the unit vector perpendicular to the Cartesian (x, y)
plane. If all four quantities A;; are positive, it is possible to show
that point 0 is inside the trial cell, as shown in Fig. 2. If one or two of
those quantities are negative, their signs will allow the selection of
a new trial cell. In particular, if (J, k) are the indices corresponding

Fig. 1 Determination of the computational cell (1234) that contains
point 0.
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Fig. 3 Aq23 and Ag34 are negative: point 0 is to the right of and above
the cell (1234).

to the trial cell in the computational domain, the indices for the new
cell will be given by the following logic:

if (Aps <Oand Agyy >0) then j— j+1
if (Ags > 0and Agyy <0) then j— j—1
if (Agrz > 0and Agz4 <0) then k— k+1
if (Aoiz <0Oand Agzy >0) then k— k-1

(26)

An example of this case is given in Fig. 3. Because of the incre-
mental nature of the cell update, a good initial guess for the trial
cell is essential for the overall efficiency of the algorithm. Typi-
cally, the coordinates of a previously located point on a ray serve
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as an excellent initial guess for the following point, and the overall
procedure is quite efficient.

The determination of the radiative heat flux vector g® follows the
same steps outlined for the evaluation of the radiative source terms,
since the necessary integrations are quite similar.

VI. Numerical Results

Preliminary results were obtained for a Mach 46.8 flow over a
circular cylinder in air at an altitude of 57.9 km. The cylinder radius
was 1.524 m, the freestream temperature was T, = 262.9 K, the
density was p, = 4.26 x 107 kg/m?, and the pressure was p,, =
32.2 N/m?. This problem was studied by Howe and Viegas® by
means of a shock-layer solution in equilibrium air using the 1D
slab approximation. It should be reiterated that their methodology
provides a prediction of the stagnation streamline variables onty.

Figure 4 shows a symbolic representation of the physical grid and,
superimposed on it, the “radiative grid” for a single finite volume.
It should be noted that at the symmetry plane the lines of sight are
specularly reflected, allowing the calculations to be performed with
a quarter circumference only.

Fairly standard boundary conditions were imposed for the
freestream (Dirichlet), the exit plane (extrapolation), and the stagna-
tion streamline (tangency). At the solid wall, the viscous cases used
the no-slip condition with the wall temperature fixed at 1500 K.
For the inviscid cases, a special boundary condition was employed,
featuring tangency, zero gradients for mass fractions and pressure,
and a fixed wall temperature of 1500 K. It might be useful to point
out that owing to the lack of a thermal boundary layer, the cold wall
affects the solution only through its effect on the radiative source
term.

Results were obtained for the truly two-dimensional radiative
heat-transfer case, the 1D slab approximation, the emission-
dominated case, and a baseline case with no radiative heat transfer. A
Van Leer-type discretization of the inviscid fluxes was employed.?®
Unfortunately, only simulations that are first-order accurate in space
were obtained, because of severe convergence problems encoun-
tered at this extremely high Mach number. A vibrational equilib-
rium thermodynamic model was employed for the description of
the species internal energy.’

A. Five Species, Viscous Results

The viscous investigations employed a 61 x 91 grid, which corre-
sponded to 60 volumes in the circumferential direction and 90 in the
radial direction. The grid was slightly clustered near the stagnation
region, and yielded Reynolds numbers based on cell width rang-
ing from 2 at the stagnation point to about 12 at the shoulder. The
Reynolds number based on the cylinder radius was 0.59 x 10¢, which
is less than the estimated 10® necessary to induce transition.!® Con-
sequently, the flow was considered to be laminar. The radiation grid
at every volume consisted of 36 equally spaced rays and 40 inter-
vals of integration per ray, slightly clustered near the originating cell,

Fig. 4 Symbolic representation of the grid, showing the points used
for the double integration.

resulting in 80 radiation-grid points along each ray. The compos-
ite two-point Gauss-Legendre formula was used for the numerical
quadrature along a ray.

For these calculations, the gray-gas model for the absorption co-
efficient in equilibrium air given by Wang'? was employed in con-
junction with a simple five-species air model,> which takes account
of dissociation and the formation of NO.

The temperature profiles along the stagnation streamline are
shown in Fig. 5. It may be noticed that shock location and tem-
perature values are affected by the choice of the radiative transfer
model. In particular, absorption is reheating the gas in the shock
layer in comparison with the emission-dominated case, but the
fully two-dimensional algorithm provides the flowfield with some
“relieving” effects, which ultimately result in lower temperatures
than in the 1D slab approximation. The baseline case with no ra-
diation is not presented, because it would be outside of the plot-
ted scale on account of the dramatic (and nonphysical) increase
in temperature levels for a gas that is not allowed to radiate off
most of the aerothermodynamic heating associated with a Mach 47
flow.

The density values along the stagnation streamline are rep-
resented in Fig. 6, and show that radiative cooling is respon-
sible for the dramatic density increase in the shock layer over
that in the nonradiative case, even outside the boundary layer.
The total enthaipy along the stagnation streamline is plotted in
Fig. 7, along with the results of Howe and Viegas.? The quanti-
tative discrepancy between the present calculations and those of
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the previous reference is probably due to the fact that the pro-
posed methodology captures the high-temperature gas cap at the
shock, where a significant amount of energy is removed from the
flow through emission. In contrast, Howe and Viegas utilize a
shooting technique that asymptotically approaches the equilibrium
shock jump conditions, thereby disallowing a high-temperature gas
cap.

The skin friction and conduction heat-transfer coefficients along
the body, not shown here, display minor differences between the
different radiative models, but significantly smaller values than in
the nonradiative case, by up to 26 and 44%, respectively.

The components of the heat flux vector normal to the body in
the first row of volumes off the stagnation streamline are repre-
sented in Fig. 8. Also shown is the tangential component of the
radiative heat fiux vector for the two-dimensional case. There is
a significant difference between two-dimensional and 1D slab re-
sults, although the stagnation region is the place where the one-
dimensional approximation should perform best. More specifi-
cally, the radiative heat flux vector at the stagnation point has
a dimensional value of 234 MW/m? when evaluated with the
1D slab theory, and a value of 212 MW/m? when calculated by
means of the fully two-dimensional algorithm. The difference is
about 10%.

The heat loads for these calculations are shown in Fig. 9, which
depicts the component of the total heat flux vector normal to the
body on the first row of volumes off of the body. There is a signifi-
cant change between the two-dimensional and the one-dimensional

Table 1 CPU time requirements for different radiative models

Time, sfiter.

Radiation
model No reuse Reuse = 10
None 1.1599 0.5491
Emission
1 band 1.1620 0.5533
2 band 1.1621 0.5544
4 band 1.1641 0.5556
8 band 1.1672 0.5593
1D slab
1 band 1.4660 0.8553
2 band 1.6262 1.0157
4 band 1.9481 1.3361
8 band 2.5892 1.9787
Fully two-dimensional
l1band - 4.39 3.78
2 band 7.51 6.90
4 band 13.76 13.16
8 band 26.26 25.63
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Fig. 9 Total heat flux along the body. Five species, viscous.

predictions. It should be pointed out that the radiative heat flux is
one order of magnitude larger than the conductive component, and
maintains that dominance over the entire arc length, which con-
firms the fact that at this extreme Mach number the heating load
is essentially due to radiation. Howe and Viegas’s prediction at the
stagnation point has been coupled with an empirical relation for
the distribution of the radiative heat flux along the body, due to
Hankey.?® The trend is similar to the present result, and the quan-
titative disagreement is due to the differences in thermochemical
models and the absence of the high-temperature gas cap in the pre-
vious reference, as already mentioned.

B. CPU Requirements

The relative computational efficiency of the different radiative
models in the context of a reactive flow calculation was investigated.
Table 1 shows a comparison of CPU time per iteration on a Cray Y-
MP for the reactive case with no radiation, the emission-dominated
problem, the 1D slab, and the full two-dimensional algorithm. The
number of CPU seconds per iteration is based on timing 100 con-
secutive iterations. The “Reuse” column refers to the fact that the
left-hand side of the approximate factorization may be selectively
frozen for an arbitrary number of cycles after a minimum residual
reduction is achieved. The table was prepared by implementing the
freezing option after a residual reduction of two orders of magni-
tude and re-evaluating the left-hand side every 10 iterations. The
saving in CPU time per iteration is apparent from the table. In or-
der to study the effect of multiple-band models on the numerical
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requirements, the timing runs include the simulation of one-, two-,
four-, and eight-band models, obtained by breaking the frequency
interval in several pieces.

Comparing the overheads associated with the inclusion of a ra-
diative model with the baseline time for a reactive calculation, it is
possible to conclude that the cost of running an emission-dominated
model is negligible. On the other hand, a non-negligible increase in
CPU time is required for the 1D slab calculation, especially for
the eight-band model. The fully two-dimensional algorithm is con-
siderably more expensive, leading to almost a threefold increase
in CPU time without freezing and a sixfold increase with freezing
for the one-band model, and requiring a full order of magnitude
more time for the eight-band model. This should not be surpris-
ing in view of the fact that the evaluation of the radiative source
term involves 36 rays per finite volume, instead of two as in the 1D
slab.

The typical convergence strategy employed for the present work
involved obtaining a solution for the emission-dominated model,
then utilizing that solution as an initial guess for the 1D slab calcu-
lations, and finally using the 1D slab results as an initial guess for the
fully two-dimensional predictions. However, in a preliminary stage
of this study’® the numbers of iterations required for convergence
of the various radiative models perse were estimated, and found not
to differ significantly. This fact means that the data just presented
on CPU requirements per iteration are actually representative of the
overall CPU requirements for a calculation involving one of the
radiative models.

C. Grid Convergence Studies

The sensitivity of the numerical simulations to the size of the ra-
diation grids was investigated in some detail, in order to gain more
insight into the appropriate matching between flowfield and radia-
tive source-term discretizations. In view of the low cell Reynolds
numbers employed for the viscous calculations, the size of the flow-
field grid was left unchanged at 61 x 91.

Results were obtained for several radiation-grid sizes: 36 rays
and 80 points (the baseline case), 36 rays and 160 points, 72 rays
and 80 points. In all cases, there was virtually no difference in the
flowfield predictions (the largest differences in the temperature field
were of the order of a fraction of a Kelvin, for example). This seems
to confirm the fact that the original discretization of the radiative
source term was sufficiently accurate.

A similar study was conducted for the discretization involved in
evaluating the radiative heat flux vector itself. As already pointed
out, the integrals to be evaluated are close to those used for the
determination of the source term in the governing equations, and
the numerical evaluation requires the use of radiation grids that
are based on the same principles as those used for the source
terms. The main difference is probably that the evaluation of g®
is a postprocessing operation, which is performed only once at
the end of the calculations or whenever necessary for diagnos-
tic purposes, but does not affect the evolution of the numerical
solution.

~ The most “natural” choice for the grid size to be used for g*
would be the one used for the radiative source term, that is, 36
rays and 80 points. However, this grid gives rise to some oscillatory
predictions, as shown in Figs. 10 and 11 for the heat flux along the
stagnation streamline and the body, respectively. This oscillatory
behavior can be corrected by refining the radiation grid, as shown
in the same pictures, where a mesh of 180 rays and 500 points was
employed. Because the g¥ evaluation is nonrepetitive, the additional
expense associated with refining the grid does notcreate an excessive
computational burden. :

D. Eleven Species, Inviscid Results

Some inviscid results were obtained on a41 x 61 grid, correspond-
ing to 40 volumes in the circumferential direction and 60 in the radial
direction, slightly clustered near the stagnation region and the body
surface. The radiation grid at every volume consisted of 36 equally
spaced rays and 25 intervals of integration per ray, slightly clus-
tered near the originating cell, resulting in 50 radiation-grid points
along each ray. The composite two-point Gauss-Legendre formula
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Fig. 11 Radiative heat flux along the body. Grid convergence study.

was used for the numerical quadrature along a ray. An 11-species
air model due to Park® was employed, which includes ionization
reactions, positive ions, and electrons.

For these calculations, two different absorptivity models were
used and compared: the previously used model due to Wang,?
which will be referred to as the ¢, solution, and a second model
due to Viegas and Howe,3' which will be referred to as the o
solution.

The purpose of these simulations is essentially twofold: inves-
tigate the presence, magnitude, and importance of ionization; and
obtain at least a qualitative description of the sensitivity of the solu-
tions to different models for absorption. Concerning the latter, it was
found that the absorption coefficient in the «, solutions is stronger
than that in the «; solutions. Consequently, the o, solutions display
lower temperatures, lower stagnation enthalpy, lower degrees of
dissociation and ionization, higher densities, smaller shock standoff
distances, and higher radiative heat fluxes.

The solutions shown were obtained by means of the emission-
dominated model for the radiative heat transfer. These solutions
were postprocessed with all three radiative models in order to obtain
the values of the heat flux vectors. This approach was employed for
its simplicity and low computational cost, and is at least partially
justified by the fact that the differences in the flowfields due to the
use of the different radiative models were previously found to be
minor, as long as a radiative source term was present in the governing
equations.

The temperature profiles along the stagnation streamline for the
two solutions are shown in Fig. 12, and detail the differences in shock
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standoff distance and peak temperatures. A plot of the degree of
ionization ¢; along the stagnation streamline is presented in Fig. 13.
In this work, the degree of ionization is defined as the sum of the
mass fractions of the ionized species. It is possible to see from the
figure that the ¢ solution is much more affected by ionization than
the 7.

The heat flux along the body surface is shown in Figs. 14 and 15
for the a; and o, solutions, respectively. The «; solution predicts
stagnation-point heating loads ranging from 144 MW/m? for the
full two-dimensional algorithm to 181 MW/m? for the emission-
dominated case with the quasi-one-dimensional approximation at
159 MW/m?. The «, solution predicts heating loads equaling 180
MW/m? for both full two-dimensional and 1D slab approaches,
whereas the value in the emission-dominated case is much larger,
namely 250 MW/m2. The heat load predicted by Viegas and Howe
is in closer agreement with the o, solution.

In summary, there are some differences between the one-
dimensional predictions and those obtained with the full two-
dimensional model. Most notable is that the one-dimensional
predictions are about 10% larger than those obtained with the
two-dimensional model, when using the absorptivity coefficient due
to Wang.!?> Moreover, changing the modeling of absorption is shown
to have a dramatic effect on the flowfield predictions and the levels
and importance of ionization. Consequently, more accurate and re-
liable models for the radiative properties of air are necessary for a
better quantitative prediction of radiative loads.
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VII. Concluding Remarks

This study is essentially based upon one idea, namely, that the
one-dimensional approximation is a potential liability for the ac-
curate determination of radiative heat transfer in problems and
configurations of practical interest. The advent of modern super-
computers allows the scientist to lift this approximation, thereby
making possible a thorough investigation of two-dimensional effects
on thermal loads, especially when radiation is predominant. The
preliminary results presented indicate that this study is warranted,
practical, and useful for the achievement of improved accuracy in
the simulation of radiative heat transfer. The gray-gas approxima-
tion is by no means sufficient for quantitative predictions of thermal
loads in the hypersonic regime, but the techniques developed in this
study are fully applicable to more refined and realistic multiband
models.

Work is currently under way on axisymmetric and three-
dimensional problems, with the intent of studying the feasibility
of accurate radiative heat-transfer calculations for more realistic
geometries.
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